Abstract. In this work, we prove the criterion of Banach-Grunblum and the principle of selection of Bessaga-Pe lczyński for normed spaces. Given these results, it can be shown that in infinite dimension spaces (not necessarily complete) there is an infinite-dimension subspaces with an essential Schauder basis.
Introduction and background
Given a normed space, we always try to question the existence of a basis. In space of infinite dimension, there are the so-called algebraic basis (or Hamel basis). The important question is that these basis are always non-enumerable, making it of little use for Functional Analysis. However, there is another notion of basis with a much greater utility for this branch of mathematics. Here we are talking about the Schauder basis, which has the following definition: Definition 1. A sequence (x n ) ∞ n=1 in a normed space X is a Schauder basis for X if for each x in X there is a unique sequence (a n ) of scalars such that x = ∞ i=1 a n x n .
The uniqueness of the representation allows us to consider the linear operator for each n in N:
a j x j = a n , this operators are called coefficient operators (or coordinates operator ).
Being (x n ) ∞ n=1 a Schauder basis in the normed space (X, · ), we can consider the linear space L X = {(a n )
a n x n is convergent}. The function η : L X → R given by η((a n )
a i x i : n ∈ N is a norm in L X . Definition 2. Let X be a normed space and (x n ) ∞ n=1 a Schauder basis in X. We say that
a n x n is an isomorphism. It is not difficult to show that in Banach spaces, every Schauder basis is an essential Schauder basis. This identification is important because with it all space with Schauder basis can be seen as a space of sequences.
In the original definition of Schauder, there was the requirement that coordinates functional should be continuous. However, in 1932 Banach [2, pag 111] showed that in Banach spaces this is always true. But, if the space is not complete, this is false (see [5, Example 12.5] .) On the other hand, when we assume essential Schauder basis, we recover this important property, as the next result shows. Theorem 1.1. Each coordinate functional associated with an essential Schauder basis (x n ) ∞ n=1 for a normed space is bounded.
Proof. Fix n ∈ N, and let x ∈ X, so we can write x = ∞ i=1 a j x j . We will show that x * n : X → K is continuous.
be an essential Schauder basis for the normed space X. Then, for each n ∈ N, the linear operator
In the proof of the next result, we will use some arguments from the proof of Corollary 4.1.17 of [13] .
be an essential Schauder basis of normed space X and (P n ) ∞ n the canonical projections. Then sup n P n < ∞.
Proof. For each x in X such that x ≤ 1, we have that
So, P n ≤ (T X ) −1 for all n in N and sup
The number
Banach-Grunblum's criterion for normed spaces
Another important concept is as follows: A sequence (x n ) ∞ n=1 may not be a Schauder basis for a normed space X because [x n : n ∈ N] does not reach all the space X. In this case we say that:
In Banach spaces theory, we have the following practical and useful criterion for deciding whether a given sequence is basic or not.
of non null vector in a Banach space X is a basic sequence if, and only if, there exists M 1 such that for all sequence of scalar (a n )
whenever n m. ∞ n=1 of non null vector in normed space X is an essential basic sequence if, and only if, there exists M 1 such that for all sequence of scalar (a n )
whenever n m.
Proof. Suppose that (x n )
∞ n=1 is an essential basic sequence. Consider the canonical projec-
Reciprocally, suppose that (2.2) holds for M 1. A straightforward calculation shows that the set {x n : n ∈ N} is linearly independent.
Consider the subspace F = [x n : n ∈ N] and, for each n ∈ N, the linear functional given by
a i x i = a n and the linear operator
It is clear that ϕ n is a bounded linear operator for all n. By (2.2), we have that
and T n is bounded with T n ≤ M. But K is a Banach space and F is dense in [x n : n ∈ N], so there exists a bounded linear extension Φ n : [x n : n ∈ N] → K such that Φ n | F = ϕ n and Φ n = ϕ n .
Let E be the completion of a normed space E = [x n : n ∈ N]. Consider linear bounded operator T n : F → [x n : n ∈ N], so we can write T n : F → E bounded linear operator. But E is a Banach space and F is dense in [x n : n ∈ N], so there exists a bounded linear extension
In fact, let x in E, so x = lim k→∞ x k where x k ∈ F . But R n is a bounded linear operator, so
a j x j ∈ F for some m 0 such that x − y < ε. For n > m, we have
, we obtain
The uniqueness of the above representation is clear.
and note that
Using (2.5) and (2.6), we obtain that
is an essential Schauder basis of [x n : n ∈ N], and we have done.
The Bessaga-Pe lczyński selection principle for normed spaces
In 1932, Banach enunciated without demonstration in his classic book [2] that in every Banach space of infinite dimension there is an infinite-dimension subspace with Schauder basis. The proof of this result only appeared in the literature in 1958 in a celebrated article by Bessaga and Pe lczyński [3] (in that same year Bernard R. Gelbaum [10] also presented another proof). The demonstration presented by Bessaga and Pe lczyński is a consequence of the main result of the work, which became known with the principle of selection of Bessaga-Pe lczyński. In this section we will show that the Bessaga-Pe lczyński principle remains valid in normed spaces. For this, it will be necessary to introduce the concept of essential basic sequence. When X is a Banach space, every basic sequence is an essential basic sequence. x n − y n . x * n =: λ < 1 (3.1)
we obtain that
is an essential basic sequence in X. By Banach-Grunblum's criterion for normed spaces, Theorem (2.2), there exists M 1 such that if m n then
From Banach-Grunblum's criterion for normed spaces, Theorem (2.2), (y n ) ∞ n=1 is an essential basic sequence in X.
x i a i in F , and by (3.2) we obtain that
So T : [x n : n ∈ N] → Y is a bounded linear operator, let Y be the completion of Y , we obtain that T : [x n : n ∈ N] → Y is a bounded linear operator. Using that [x n : n ∈ N] is dense in [x n : n ∈ N] = F and Y is a Banach space, there exists a bounded linear extension
is a linear bounded operator.
If the
a i x i is convergent, we have that
Analogously, we can show that if the In the proof of next result, we will use the arguments from the proof of Corollary 10.4.9 of [4] . ∞ n be the coefficient operators. By boundedness of operator T , since y n weak converges to 0, we obtain that T (y n ) weak converges to 0. So
Bessaga-Pe lczyński's selection principle for normed spaces (Theorem 3.2), there exists an essential basic subsequence (T (y n k ))
is a essential basic sequence. This concludes the proof of Corollary 3.3.
Applications
As has been mentioned earlier, Bessaga and Pe lczyński's demonstration that in every Banach space of infinite dimension there is an infinite-dimensional subspace with Schauder basis is a consequence of what is now known as the Bessaga-Pe lczyński selection principle. As we have obtained this result for normed spaces, it is possible to follow the same steps and to show the same result, which tell by the way, is already a known result (see [6] ). In this manuscript, we observe that this demonstration can be done in an elementary way, using only the Banach-Grunblum Criterion for normed spaces (Theorem 2.2).
Theorem 4.1. Every normed space contains a infinite-dimensional closed subspace with Schauder basis in which the canonical projections (P n ) n are bounded operators. Moreover, sup n P n < +∞.
Proof. We will use the same sequence (x n ) ∞ n=1 obtained in the tradicional proof (see e.g. [7, 8] ). By Banach-Grunblum's criterion for normed spaces, Theorem (2.2), we obtain that (x n ) ∞ n=1 is an essential basic sequence. In particular, (x n ) ∞ n=1 is an essential Schauder basis. Then by Theorem (1.3) the canonical projections (P n ) n are bounded and sup n P n < +∞.
Problems
It is known that all Banach space with Schauder basis is separable (see [13, Proposition 4.1.10] ). Banach himself questioned about the reciprocal, that is, does every separable Banach space have a Schauder basis? In [9] , Enflo showed that this is false, exhibiting a separable Banach space that has no Schauder basis. Gowers and Maurey in [11] showed that there exists a Banach space that do not contain unconditional basis. 
